Abstract The paper presents a detailed LES analysis of turbulent round jets dominated by the mechanism of Kelvin-Helmholtz (K-H) instability and the so-called self-sustained regime, which is characterised by large velocity fluctuations, reminiscent of the behaviour of excited jets. It is shown that the occurrence of this regime is largely conditioned by the type and parameters of the inlet jet velocity profile, i.e., the shear layer momentum thickness θ , turbulence intensity T i. A high order numerical code based on the combined pseudospectral / compact difference methods is used in the simulations. Analysis is performed for the Reynolds number Re = 1 × 10 4 with θ characterised by R/θ = 16, 20, 24, 28 and 32 (with R -jet radius) and for T i = 10 −2 , 10 −3 , 10 −4 . Two inlet velocity profiles are used in the simulations: hyperbolic tangent and Blasius. Comparisons focus on the axial velocity profiles and the spectra of the velocity signals. It is shown that in the self-sustained regime the results obtained with the Blasius profile are significantly closer to the experimental data. Sensitivity tests of the self-sustained regime on the sub-grid modelling are performed based on four well known models: classical and dynamic Smagorinsky, the filtered structure function model of Ducros et al. (JFM, 1996) and the relatively new model proposed by Vreman (PoF, 2004). It is shown that in the case of the classical Smagorinsky model an excess of sub-grid dissipation prevents the appearance of self-sustained velocity oscillations and in effect gives results significantly different from the remaining models. On the other hand, when the jets are dominated by K-H instability all the models lead to very similar solutions.
Introduction
Large scale coherent structures in the near field of round free jets have been widely studied by experimental and numerical investigations since the pioneering experiments of Crow & Champagne [1] and Brown & Roshko [2] . However, as it was pointed out in a recent review paper by Ball et al. [3] on the flow field in turbulent round free jets, despite the great attention that the round jet received in the last century there remain some significant outstanding questions. The first one stressed by Ball et al. [3] was the route or mechanism leading to self-similarity in the round free jet. It seems that any understanding of this mechanism still requires a new insight into the dynamics of large scale highly anisotropic vortex structures formed within the first few diameters of the nozzle. Boguslawski et al. [6] , in a recent work on a jet with a very low turbulence level at the nozzle exit, observed unusually high oscillations in the homogeneous density natural round jet, comparable to those observed in externally stimulated flows as in the experiment of Crow & Champagne [1] . This experimental observation was a motivation for intense numerical simulations of this flow type. Using LES predictions Boguslawski et al. [6] showed that these high flow field oscillations are triggered by a self-sustained mechanism of a fully convective nature. It was found that the occurrence of a regime with self-sustained oscillations requires a relatively low turbulence level and a sufficiently thin shear layer at the nozzle exit. Under such conditions large scale coherent vortices develop in the space fast enough to generate an external back flow stimulating flow oscillations close to the nozzle exit. In order to shorten the notation, this regime is called the self-sustained regime hereafter in this paper. The critical shear layer thickness characterized by the parameter R/θ ≈ 25 (R-nozzle radius, θ -momentum thickness of the shear layer at the nozzle exit) was established based on the LES predictions. It is worth noting here that contamination of the inflow region by free vortical structures in the outer flow for R/θ > 25 was also observed by Lesshafft et al. [7] in their DNS predictions of globally unstable round jets. However, the authors did not study this effect further, limiting their attention to the shear layer thicker than the critical one reported by Boguslawski et al. [6] . Moreover, in the recent experimental work of Mi et al. [8] , hot-wire measurements of velocity fluctuations along the jet centreline revealed very high turbulence intensity at a level of 16 − 18 % and a distance 2 − 3 nozzle diameters, resembling the experimental and numerical results of Boguslawski et al. [6] . These high level oscillations were observed for a range of the Reynolds number Re = 5000 − 8000, for which R/θ = 30 − 40 i.e. higher than the critical value. For the higher Reynolds number this distinct peak on the fluctuating velocity profile disappeared despite R/θ > 40, which needs further investigation. The authors do not discuss these effects in detail, focusing on the far field jet structure instead.
Boguslawski et al. [6] , using experimental and numerical results, revealed an overall mechanism leading to self-sustained oscillations, pointing out some discrepancies between experimental and numerical results. The present study was mainly aimed at explaining the reasons behind the discrepancies reported in [6] . The first problem taken into consideration was the influence of the inlet velocity profile on the flow field in the self-sustained regime. In previous numerical simulations the commonly used hyperbolic-tangent velocity profile was applied at the nozzle exit. However, in this experiment the laminar shear layer described by the Blasius velocity profile was reported. Hence, in the first part of the paper, differences of jet development with two different inlet velocity profiles are analysed.
As pointed out by Meneveau and Katz [9] , an important question that has so far received little attention is how the sub-grid stress model affects the coherent structures. It was already shown by Vreman et al. [27] that different models lead to qualitative differences in the coherent structures of the mixing layer. The instabilities and the roll-up of vortices pose special challenges for sub-grid modeling since the initially small-scale vortices within the shear layer interact to create substantially larger structures. It seems that recently found self-sustained oscillations in the homogeneous density round jet is a new challenge for subgrid models especially during the transition from the Kelvin-Helmholtz to the self-sustained regime. Hence, in the second part the influence of the sub-grid model on jet instability development in the self-sustained regime is investigated.
Modelling and Numerical Algorithm
For incompressible, constant density flows the continuity and the Navier-Stokes equations in the framework of LES are given as [13] [14] [15] :
where the bar symbol represents the spatial filtering [13] . The variablesŪ i ,P , ρ stand for the velocity components, pressure and density, respectively. The symbols ν, ν sgs are the kinematic viscosity and sub-grid viscosity. In the present work we compare the results obtained after applying four well known sub-grid models: (i) the filtered structure function model proposed by Ducros et al. [16] ; (ii) the dynamic Smagorinsky model [28] , commonly referred to as the Germano model; (iii) the model proposed by Vreman [29] ; (iv) the original Smagorinsky model [30] . The most important difference between these models seems to be that in the first three cases the sub-grid viscosity vanishes in laminar flows or pure shear regions while the Smagorinsky model always leads to a non-zero sub-grid viscosity, unless the velocity gradients are zero. We will examine the role of these sub-grid models in jet flows with low and medium turbulent intensity at the inlet and for jets in the self-sustained regime.
Computational domain and boundary conditions
A schematic view of the experimental configuration studied in [6] , to which we refer in the present paper, is shown in Fig. 1 . A jet of diameter D issues from the nozzle with an external size equal to 3D. The inner shape of the nozzle is prescribed by a cubic function resulting in a contraction 12:1. In the simulations performed in the present work we simplify the problem and we do not include the region of the nozzle. Instead, we model the jet through an instantaneous velocity profile. The computational domain is a rectangular box 10D × 10D × 18D with the inlet boundary defined on the bottom side. At the lateral boundaries we assume periodic boundary conditions. The size of the computational domain in the periodic directions (10D × 10D) was found to be sufficiently large to minimize the influence of the periodic boundary conditions on the jet flow. This was verified in test computations using a wider domain (12D × 12D).
The inlet boundary conditions are specified in terms of instantaneous velocity as U(x, t) = U mean (x) + u(x, t), where U mean (x) is the mean velocity and u(x, t) represents turbulent fluctuations computed according to the algorithm proposed by Kempf et al. [18] which creates reliable turbulent conditions with prescribed Reynolds stresses and length scales. The pressure at the inlet is computed from the Neumann condition n ·∇p = 0 with n the outward normal vector. As mentioned in the introduction to this paper we focus mainly on the near field behaviour of the jet. It is expected that the results may significantly depend on the mean velocity profile. Particularly in those cases with low turbulence intensities, as in [6] , where the self-sustained regime is observed. Hence, in this paper, we will compare the results obtained using two velocity profiles at the inlet: the hyperbolic-tangent profile and the Blasius profile. Although the hyperbolic-tangent profile is commonly used in jet flow simulations it is worth noting that such a profile is not one which can be measured at the nozzle exit. It is rather reminiscent of the velocity profile formed downstream of the nozzle exit. From this point of view, the Blasius profile better compares to measurements (Cf. Fig. 2b ). We will show how this subtle difference influences the results in the self-sustained regime.
The hyperbolic-tangent profile is defined as: where U 0 and U ∞ denote the jet centerline velocity and the co-flow velocity and the symbol r = y 2 + z 2 is the jet radius. The co-flow is introduced to compensate for the lack of entrainment flow through the periodic lateral boundaries and natural suction through the inlet plane. In the experimental conditions of Ref. [6] the jet issued from a nozzle with a very thick wall extending over 0.5D ≤ r ≤ 1.5D as is shown in Fig. 1 . In this region we assume U ∞ = 0 and for r > 1.5D we assume U ∞ = 0.05U 0 . It was shown in [17] that the co-flow at this level does not alter the jet dynamics. The Blasius velocity profile is obtained by solving the Blasius equation by the power series method which when combined with the co-flow velocity leads to the following formula:
where:
In the simulations we use Cartesian meshes on which the round shape of the jet can be represented only approximately. The edge of the jet has a stepped profile conforming to the distribution of the nodes for which the condition y 2 + z 2 ≤ R holds. It becomes more accurate, i.e. closer to a circle, with an increasing number of nodes. As will be shown later, the mesh density does not affect the results significantly, and hence, we assume that the shape of the jet at the inlet reflects the real round jet sufficiently well. Radial distributions of the velocity computed from Eq. (3) and Eq. (4) are presented in Fig. 2 showing a comparison between the hyperbolic tangent (referred to from here on as HT) and Blasius profiles. It can be readily seen that in the case of the HT profile the velocity at the edge of the nozzle (r/D = 0.5) is equal to 0.5 whereas it is zero for the Blasius profile. Hence, applying the Blasius velocity profile will result in a slightly smaller flow rate. It is very important to note that the HT profile has an inflexion point at r/D = 0.5 while, in the case of the Blasius profile, the inflexion point is not present at all. As will be shown in the paper this difference leads to significantly different flow behaviour.
At the outlet plane all the velocity components are computed from a convective boundary condition ∂U i /∂t + U C ∂U i /∂n = 0 with U C the convection velocity computed every time step as the mean velocity in the outlet plane, limited such that U C = max(U C , 0). The pressure is assumed to be constant at the outflow.
Numerical method
The set of Eqs. (1-2) is advanced in time with a low-storage 3rd order of accuracy three-step Runge-Kutta method [19] . Within each sub-step the projection method [11] is applied for the pressure-velocity coupling. The spatial discretization of the continuity and the NavierStokes equations is performed using a combined high-order compact difference method [20] and pseudo-spectral method [21] . The former is applied in the direction of the jet axis and the latter in the periodic directions. In the case of the compact method both the first and second derivatives are discretized with a 6th order scheme for the central nodes and 4th order boundary scheme [22] . In the case of the pseudo-spectral method the calculations of the convective terms are complemented by a dealiasing procedure according to the 3/2 law [21] . The numerical code used in the present study was used previously in simulations of constant and variable density jet flows [6, 23] , channel flows [24] and two-phase flows [25] .
Results
The computations are performed for Reynolds number Re = U 0 D/ν = 1 × 10 4 . We compare the results obtained for jets having various momentum thicknesses R/θ = 16, 20, 24, 28 and 32 and various inlet turbulent intensities T i = u /U 0 = 10 −4 , 10 −3 and 10 −2 . It is worth mentioning that in the case of the HT profile the normalized bulk velocity is equal to 1.026, 1.016, 1.011, 1.008, 1.006 for R/θ = 16, 20, 24, 28, 32 respectively. Hence, it is seen that a variation of R/θ-parameter affects the flow rate insignificantly and the bulk Reynolds number is equal to about 1 × 10 4 for all boundary layer thicknesses. By contrast, when the Blasius profile is applied the normalized bulk velocity increases along with the reduction in boundary layer thickness and is equal to 0.766, 0.828 for R/θ = 20, 28, respectively. In these cases changes in the bulk Reynolds numbers are more significant, but it seems that the proper velocity scale that characterizes the flow dynamics in the near jet field is the jet velocity at the nozzle axis. Hence, we expect that this change does not play an important role. Preliminary studies were carried out in order to assess the dependence of the results on the mesh density. Comparative computations were performed on uniform meshes consisting of 256×256×180 and 384×384×180 nodes. As will be shown below, the results obtained on both meshes are very similar. Figure 2a shows the locations of the grid nodes across the jet region and in the shear layer region on the coarser mesh for velocity profiles with R/θ = 20. In this case the formulas (3) and (4) yield a shear layer thicknesses δ 99 ≈ 0.48R and δ 99 ≈ 0.375R, respectively. The parameter δ 99 is defined here as the region where U ∞ < U mean (x) ≤ 0.99U 0 . On the coarser mesh the number of nodes across δ 99 is 9, 7(6), 6, 5(4) and 4 respectively for R/θ = 16, 20, 24, 28 and 32. The values in brackets correspond to the number of nodes across δ 99 in the case of the Blasius profile. The test computations on the denser mesh were performed with the HT inlet profile, with T i = 10 −4 and with the shear layer characterised by R/θ = 20 and R/θ = 32. For these two cases the number of nodes across δ 99 was equal to 10 and 6, respectively. From the point of view of necessary mesh resolution the computations with a very low T i level require the most refined mesh, particularly for the case with R/θ = 32. Hence, one may assume that the analysis of the influence of the mesh density performed for the selected test cases is also meaningful for other cases with larger T i levels. Figure 3 shows profiles of the time-averaged axial velocity and its fluctuations along the jet axis. The time-averaged results were obtained by averaging the solutions over the time period 300D/U 0 which corresponds to 12.5 of the so-called 'flow through time' and which was found to be sufficiently long enough to obtain convergent statistics. It can be seen in Fig. 3 that the results obtained on the coarser and denser meshes are in good agreement. For R/θ = 20 the length of the potential core is equal to 5D on both the meshes. The decay of velocity downstream of the potential core is also very similar. Small discrepancies are observed only when comparing the profiles of the fluctuations. On the coarser mesh the occurrence of the maximum of fluctuations is predicted at x/D = 7 which is approximately 1D closer than on the denser mesh. However, the maximum level of fluctuations is the same on both meshes. The results obtained for R/θ = 32 also show that the coarser mesh ensures accurate results. Shortening of the potential core is reflected exactly the same on both meshes. As will be discussed in the next section, for R/θ = 32 we observe the self-sustained regime characterised by the occurrence of two maxima in the profiles of the fluctuations. It can be seen that this phenomenon is also well predicted on both the meshes, the only difference being that the maxima of the fluctuations on the coarser mesh are slightly larger. Based on the presented comparisons we assume that the coarser mesh with 256 × 256 × 180 nodes provides reliable results. Hence, all the results presented in the next sections were obtained on this mesh. 
Self-sustained regime
In this section we concentrate on a demonstration of the self-sustained regime observed in [6] . The presented results are obtained with the HT inlet velocity profile and with the filtered structure function model for sub-grid scales. Comparison of the results obtained using the HT and Blasius profiles and an analysis of the sub-grid models will be presented in Section 3.2 and Section 3.5, respectively. Figure 4 shows the profiles of the time-averaged axial velocity and its fluctuations along the jet axis obtained for the case with R/θ = 20 and T i = 10 −4 , 10 −3 and 10 −2 . In Fig. 4 it can be seen that both the mean and fluctuating velocity profiles reveal features characteristic of a round free jet with a potential core length equal to x/D = 3 − 5 and maximum fluctuations at a level of 15 % occurring at a distance from the inlet x/D = 6 − 7 depending on T i. It is seen that for cases with T i = 10 −2 the potential core is shorter and the velocity downstream of the potential core decays faster compared to cases with T i = 10 −3 and T i = 10 −4 . For T i = 10 −2 a sudden increase in the fluctuations begins closest to the inlet and their maximum is reached also closest to the inlet, already at x/D = 6. Moreover, compared to the remaining cases it can be seen that for T i = 10 −2 maximum fluctuations is the largest. This rather expected behaviour changes drastically when the jets attain a self-sustained regime characterized by strong velocity oscillations appearing near the inlet. As was shown in [6] the necessary condition to trigger these oscillations is that the inlet momentum thickness of the jet must be sufficiently thin and the T i level must be relatively low. These conditions are met in the simulations with R/θ = 28 for which the time-averaged mean and fluctuating velocity profiles are presented in Fig. 5 . In the zoomed region of the potential core in Fig. 5a it can be seen that the mean velocity profile has a local minimum at a distance of x/D = 2−3. This corresponds exactly to the location of the local maximum of the fluctuating velocity profile shown in Fig. 5b . We should remember that the occurrence of such local maxima of the fluctuations was first reported by Crow and Champagne [1] as the result of acoustic upstream excitation. Here, the mechanism that induces this effect is related to the self-sustained oscillations caused by feedback forcing originating from the very strong toroidal vortices generated in the shear layer region [6] . It was found that these vortices create an external back flow that acts as a hydrodynamic feedback loop and imposes disturbances on the flow right after the inlet plane. In this view such disturbances mimic external excitation and lead to results qualitatively similar to those observed by Crow and Champagne [1] . In the self-sustained regime the fastest growth in perturbation occurs for the lowest T i level as can be seen in Fig. 5b . Figure 6 shows the evolution of the mean and fluctuating velocities as a function of the momentum thickness for selected value of turbulence intensity T i = 10 −4 . It can be seen that the ratio R/θ has a very large impact on the results. It is shown that for increasing R/θ (i.e. when the shear layer thickness becomes thinner) the perturbation grows faster and when R/θ reaches some critical value the self-sustained regime is triggered. Here, this regime is observed for R/θ = 28 and R/θ = 32. In [6] the critical value R/θ for Re = 1 × 10 4 was estimated as R/θ crit = 25. Additionally, it was found that the locations of the maxima of fluctuations and minima of the mean profiles are independent of R/θ and appear at a distance x/D ≈ 2. On the other hand the height of these extrema increases with R/θ, as is confirmed in Fig. 6b .
Influence of the inlet velocity profile
Analysis performed in [6] provided an explanation for the mechanism leading to selfsustained oscillations and determined the conditions under which this phenomenon occurs. While the LES results obtained in [6] were in good qualitative agreement with the experimental findings, the quantitative discrepancies were significant and very puzzling. As can be seen in Fig. 6 the location of the local maximum of fluctuations obtained from LES is x/D ≈ 2 while in the experiment it was found at a distance of x/D ≈ 4 [6] . In the experiment, the height of this maximum was about 20 % of U 0 , i.e., almost two times larger than observed in LES. Additionally, in the experiment the self-sustained regime was observed also for larger T i levels. Taking into account the existence of the self-sustained regime, which was revealed to be very sensitive to the inlet parameters, it seemed reasonable to presume that the differences between the LES results and the measurements could have been caused by the inlet velocity profile. This supposition was additionally supported by the fact that the inlet profile in the experiment was different from the assumed HT profile. The measured velocity profile closely resembled the Blasius velocity profile. This motivated us to perform LES computations with the Blasius profile at the inlet. The following analysis is performed for two shear layer thicknesses: (i) R/θ = 20 which is below R/θ crit and the self-sustained regime should not appear in this case; (ii) R/θ = 28 for which the self-sustained regime is expected as it was captured in the computations performed with the HT profile.
The results obtained for R/θ = 20 are presented in Fig. 7 showing the profiles of the time-averaged axial velocity and its fluctuations as a function of T i level. It can be seen that when the Blasius profile is used the influence of the turbulence intensity is much more pronounced than in the results obtained with the HT profile (Cf. Fig. 4) . Additionally, in Fig. 7 one may observe that the use of the Blasius velocity profile extends the potential core and slows down the growth in fluctuations compared to the results obtained with the HT profile. This is particularly well seen for the lowest T i level. by linear growth at a distance x/D = 1.5 − 4 while for the case of the HT profile this interval is shorter x/D = 1.5 − 3. It is important also that linear growth in perturbation, for the case of the Blasius profile, is characterized also by a smaller slope than in the case of the HT profile. Despite the significant differences between the results obtained for the various T i levels none of the solutions for R/θ = 20 shows behaviour typical for the self-sustained regime. Although, in between x/D = 3 − 7 the profiles of fluctuations in Fig. 7b exhibit small local maxima, their shapes are significantly different from those observed in Fig. 5b for R/θ = 28 and T i = 10 −4 . There, the strong wavy behaviour of the profiles (fluctuation growth → maximum → minimum) was easily identified, here, in the range x/D = 3 − 7 they are rather flat.
The situation changes completely when the Blasius velocity profile is used with the thinner momentum thickness, i.e., with R/θ = 28. The results obtained from these simulations are presented in Fig. 9 , where, additionally, the results from the measurements [6] are presented. It can be seen that the profiles of the velocity fluctuations obtained from LES univocally indicate the occurrence of the self-sustained regime. The local maxima are very strong and approximately equal to 20 % of U 0 which compares reasonably well with the experimental data. Moreover, the location of the maxima is shifted to x/D ≈ 2.9 which when compared to the solutions obtained using the HT velocity profile (Cf. Fig. 5b ) is closer to the experiment x/D ≈ 4. Finally, from Fig. 9b it may be seen that the self-sustained regime appears not only for the case with T i = 10 −4 but also in the computations with T i = 10 −3 . This observation is also consistent with the experimental findings and further confirms that the use of the Blasius velocity profile at the inlet makes the simulation closer to the experimental data.
Analysis in the spectral space
The self-sustained regime is characterised by strong oscillations of both the velocity and pressure fields [6] . Figure 10 shows an evolution of the amplitude spectrum of the axial velocity along the jet centerline for the case with R/θ = 20 and T i = 10 −4 for both inlet velocity profiles. The spectra are presented versus the Strouhal number St D = f D/U 0 where f is the frequency of harmonics of the velocity signal. From Fig. 10 it can be seen that distinct peaks cannot be identified. Rather a broadband distribution is observed which Fig. 4 in Ref. [6] ) the preferred frequency corresponded to St D = 0.74 with the subharmonic at St D = 0.37. Hence, when the Blasius profile is used at the inlet the preferred frequencies agree almost perfectly. Taking into account the fact that the velocity profiles presented in the previous subsection obtained with the Blasius profile were also in good agreement with the experimental data we eventually conclude that the use of the Blasius profile as the inlet velocity is the correct choice for simulations of the self-sustained regime for the experimental configuration used in [6] . To summarise this section it is important to stress the most important differences between the results obtained using the HT and Blasius inlet profiles. Starting from the case with the thicker shear layer for which the classical Kelvin-Helmholtz instability was detected, the Blasius profile leads to a longer potential core of the jet. It indicates that the perturbation growth in the near jet field is smaller compared with the HT inlet. Moreover, the characteristic oscillations frequency when the Blasius profile is used is significantly lower. Firstly, because the Blasius profile does not exhibit the inflexion point and consequently does not support the instability development right at the nozzle exit. In this case the inlet velocity profile evolves downstream and at a certain distance, due to shear stresses, transforms into the unstable velocity distribution. That means that the instability is triggered further downstream compared to the HT profile. Secondly, it was assumed that the momentum thickness of both velocity profiles is the same. However, as shown by linear stability theory, KelvinHelmholtz instability in the round jet scales on R/θ-parameter, where R stands for the radius where the inflexion point is located. In the case of the HT profile this radius is equal to the nozzle radius. In the case of the unstable velocity profile arising from the Blasius profile the inflexion point is located at a smaller radius. Consequently, the assumption of the Blasius velocity condition leads to a R/θ-parameter smaller than in the case of the HT profile. As Kelvin-Helmholtz instability scales on R/θ, in the case of Blasius velocity profile one may expect a smaller spatial perturbation growth rate and smaller characteristic frequency. This was confirmed by the numerical simulation results shown in Fig. 8 , where the perturbation growth is shown, and in Fig. 10 presenting the spectral distributions. The linear stability theory can justify the differences in the solutions obtained with the Blasius and HT velocity profiles in the case of Kelvin-Helmholtz instability. In the case of synchronised oscillations triggered by the self-sustained mechanism such reasoning cannot be applied since large amplitude oscillations are observed right from the nozzle exit and the linear perturbation growth is not observed [6] . In the case of the Blasius velocity profile, as explained above, the Kelvin-Helmholtz instability develops further downstream from the nozzle. As a result the large vortices formed by the synchronised mode are established also further from the nozzle exit. The larger distance from the inlet allows for undisturbed growth of stronger vortices than in the case of the HT profile. Another interesting issue is the influence of the inlet velocity profile on the frequency shift of synchronised oscillations. The frequency selection mechanism of self-sustained oscillations is not fully understood, but it was stated in [6] that the frequency does not scale on R/θ. Hence, it seems that the numerically predicted shift of the frequency caused by a change in the inlet profile is a consequence of the larger distance from the nozzle where the vortices are formed. It should be stressed that the influence of the velocity profile on the frequency of the synchronised oscillations, shown in Fig. 11 , is much weaker than the influence observed for Kelvin-Helmholtz instability (see Fig. 10 ). However, a complete understanding of the frequency selection mechanism and its governing parameters for convective self-sustained oscillation needs further study.
3D flow behaviour
The larger distance at which the instability develops when the Blasius profile is assumed allows for the forming of strong vortices which then lead to velocity fluctuations with large local maxima, as could be seen in Fig. 9 , of the order of 20 % of U 0 . The vortices created near the inlet and also in the downstream region are visualised in Fig. 12 showing an isosurface of the Q-parameter equal to Q = 1(U 0 /D) 2 . The Q-parameter is defined as Q = 1 2 (S ij S ij − ij ij ) where S ij and ij are symmetric and antisymmetric parts of the velocity gradient tensor. In Fig. 12 the Q-parameter exhibits toroidal structures resulting from the jet instability. The results are presented for two shear layer thicknesses with R/θ = 20 and R/θ = 28. It can be seen that in the latter case, when the critical thickness is exceeded, the formation of strong vortex structures is observed near the inlet plane, which consequently pair at a distance x/D ≈ 2.9 . The vortices are axisymmetric and almost not disturbed as the turbulence intensity is very low, T i = 10 −4 . The location where the vortices pair corresponds exactly to the local extrema of the mean and fluctuating velocity profiles (Cf. Fig. 9 ).
In the case when the HT profile is used at the inlet the vortical structures are not as strong and well formed as in Fig. 12 , though they have a very similar shape. In effect the oscillations generated in the self-sustained regime when the HT profile is used are much weaker than in the case with the Blasius profile at the inlet. Most likely this results from the fact that in the former case the self-sustained oscillations are triggered close to the inlet plane, which may lead to some interactions with the flow in direct proximity to the inlet thus damping the oscillations intensity. On the other hand, when the Blasius profile is used and the self-sustained regime is triggered further from the inlet plane these interactions are weaker allowing for undisturbed growth of the vortex rings.
Influence of subgrid model
The importance of sub-grid modelling in shear layer type flows was demonstrated by Vreman et al. [27] based on a time evolution of coherent structures in a mixing layer. However, there are no studies concerning strictly round jet type flows where the turbulence develops initially in the shear layer region. Rather, there is a common belief that the LES results are insensitive to the sub-grid model used. This statement is generally true if we consider a far field region of fully developed turbulent flow where the sub-grid model participates mainly in the dissipation of energy. In a near field region the situation seems to be more complicated. Here, the level of sub-grid viscosity originating from the sub-grid model may be of significant importance. A lack of it may result in an unphysically unstable jet behaviour while its excess may damp developing turbulence. This is particularly true when the turbulence intensity at the nozzle exit is low. As shown in [23] in such cases even subtle differences in a numerical method may have a large impact on the results. Taking into account the sensitivity of the self-sustained regime to the inlet parameters one could suspect that in the performed simulations the role of the sub-grid model was not negligible. Hence, in this section we verify the influence of the sub-grid model on the results of simulations when the jets undergo the classical instability mechanism and when they are in the self-sustained regime. However, it should be stressed that the aim of this research is not to assess which sub-grid model performs the best for the analysed problem. This would require extensive comparisons with detailed experimental data and parametric studies including various mesh densities, turbulence intensities, inlet profiles, etc. Instead we try to determine the flow regime in which the choice of the sub-grid model is of crucial importance and the regime where the sub-grid model plays only a minor role. In particular, we are interested in how the prediction of the self-sustained regimes depends on the sub-grid model.
It was shown in the previous sections that the occurrence of the self-sustained regime is conditioned by two factors -R/θ ratio and turbulence intensity T i -and is more pronounced for the Blasius profile at the inlet. In this section we analyse the cases with R/θ = 20 when the jets undergo the classical instability mechanism regardless of T i level (Cf. Fig. 7) , and with R/θ = 28 when the jet behaviour (classical instability ←→ self-sustained regime) changes depending on the T i level (Cf. Fig. 9 ). In the performed simulations we only consider the Blasius profile as the inlet mean velocity profile. We compare the results obtained using four sub-grid models: (i) the filtered structure function (abbreviated as FSF) model proposed by Ducros et al. [16] ; (ii) the dynamic Smagorinsky [28] , referred to as the Germano model; (iii) the model proposed by Vreman [29] ; (iv) the Smagorinsky model [30] . Figure 13 shows the contours of the instantaneous values of the normalised sub-grid viscosity (ν sgs /ν) in the main cross-section plane obtained in the simulations with R/θ = 20 and T i = 10 −4 for all the analysed sub-grid models. It is readily seen that the Smagorinsky model gives significantly different results than the other models. The Smagorinsky model has a strongly dissipative character, which is reflected here by the large values of the subgrid viscosity already appearing at the inlet and extending downstream along the shear layer. Because of such a distribution of the sub-grid viscosity the small scale phenomena produced by the shear stresses are damped. In effect, in jets with low T i levels at the inlet the evolution of large scale structures is moved downstream and the growth in the perturbation is slowed down. This is confirmed in Fig. 14 velocity fluctuations obtained with the Smagorinsky model shows much slower growth in the perturbations. When the turbulent intensity rises to T i = 10 −2 the differences between the results become smaller. This seems to confirm the fact that in the simulations of a jet the role of the sub-grid modelling is small when the turbulence intensity is large and dominates the flow dynamics at the sub-grid scale. In contrast, when the turbulence intensity is small the distribution of the sub-grid viscosity is a key factor. The results of computations for R/θ = 28 presented in Fig. 9 showed that the selfsustained regime occurs for T i = 10 −4 and T i = 10 −3 while the turbulence intensity at a level of T i = 10 −2 appeared to be sufficiently large to prevent the occurrence of this regime. However, to be sure that the comparison of the sub-grid models is performed for both the self-sustained and classical instability regimes we additionally consider the case with an even larger turbulence intensity level, T i = 5 × 10 −2 . Figure 15 shows the isosurfaces and contours of the instantaneous values of the Qparameter and the axial velocity obtained in the simulations for R/θ = 28 with T i = 10 −4 with the four sub-grid models. It can be seen that the results obtained with the FSF, Germano and Vreman models are very similar whereas the solution obtained using the Smagorinsky model distinctly diverges from them. Similar discrepancies are revealed in the contours of the time-averaged results (not shown in the paper). We conclude that the Smagorinsky model, due to its excessive dissipative properties, is not suitable for the modelling of jets with low turbulence intensities, as it shifts the laminar-turbulent transition downstream. Hence, further analysis is confined to the FSF, Germano and Vreman models only. A comparison of the profiles of the time-averaged axial velocity is shown in Fig. 16 . As before, as an indicator of the occurrence of the self-sustained regime we consider the local lowering of the mean velocity in the region of the x/D ≈ 3 and the appearance of double maxima in the profiles of the fluctuations. Based on the presented results it turns out that in the cases with T i = 10 −4 and T i = 5 × 10 −2 the results are virtually independent of the sub-grid model and the differences are small and only quantitative. From this observation one may conclude that when the inlet turbulence level is such that it leads to a well developed selfsustained regime or to the classical instability mechanism the role of the sub-grid modelling is small. The sensitivity of the results to the sub-grid model is only clearly revealed for the case with T i = 10 −2 for which the velocity profiles are shown in Fig. 16c . This case seems to be a borderline case in which differences between the results are evident and where the 
Conclusion
The paper presents a detailed analysis of LES predictions of a round jet under the selfsustained regime reported previously by Boguslawski et al. [6] on the basis of experimental and numerical results. There, a mechanism of self-sustained oscillations and the conditions under which this type of instability can be triggered were described. However, the LES results obtained in [6] were not in full agreement with the experimental data, and the observed discrepancies were left unexplained. The present studies aimed to analyse the possible sources of these discrepancies. The main attention was devoted to the analysis of the influence of the inlet velocity profile on the instability development. In [6] the hyperbolictangent profile was prescribed at the inlet, as done in many numerical studies of jet flows. However, in reality in the case of jets issuing from a high-contraction nozzle, as used in [6] , the boundary layer is laminar and the velocity profile corresponds to the Blasius profile rather than the hyperbolic-tangent one. In this paper, we compared the results obtained using both profiles. It was shown that subtle differences in the inlet velocity profile lead to quite significant changes in the flow field in the near field. The application of the Blasius velocity profile leads to much a higher fluctuations level resulting from the self-sustained regime. Moreover, in this case we found that the peak of the fluctuating velocity moves further downstream from the inlet. Hence, we conclude that the results obtained with the Blasius profile are closer to the experiment than those obtained using the hyperbolic-tangent profile. However, it should be stressed that there are still some discrepancies between the LES results and the measurements. As suggested by an anonymous reviewer of this paper, it is most likely that the observed differences are caused by neglecting the region upstream to the inlet in the simulations, i.e., the nozzle. In reality, the oscillations occurring in the selfsustained regime are large and they can disturb the flow inside the nozzle. In consequence, the region immediately downstream of the nozzle can be affected by these disturbances.
In the last section of the paper we compared the results obtained using four well known sub-grid models: the filtered structure function model, the dynamic and classical Smagorinsky models and the model proposed by Vreman. Taking into account the sensitivity of the self-sustained regime to small differences in the inlet conditions one could assume that the sub-grid model may also play an important role. Comparative computations were performed for two shear layer thicknesses R/θ = 20 and R/θ = 28 with turbulence intensities T i = 1 × 10 −4 − 5 × 10 −2 . It was found that the classical Smagorinsky model is not suitable to simulate a jet with low T i. The excess of dissipation introduced by the Smagorinsky model dampens the growth of disturbances and shifts the laminar-turbulent transition far downstream. The results obtained for the case with R/θ = 20 applying the filtered structure function model, the dynamic Smagorinsky and Vreman models, are very similar. In the case of simulations with R/θ = 28 the results are very close to each other only when the turbulence intensity is very small (T i = 1 × 10 −4 ) and the self-sustained regime is observed or when the turbulence intensity is large (T i = 5 × 10 −2 ) and the classical instability mechanism occurs. On the other hand, in the transitional regimes the differences between the results are clearly visible. A lack of detailed experimental results does not allow us to point out which sub-grid model provides the most accurate solution. Nevertheless, an important conclusion resulting from the presented analysis is that the sub-grid modelling in simulations of jets being in transient conditions between the classical and self-sustained instability regimes certainly needs further study.
